We present a framework for the quantum enhanced estimation of multiple parameters corresponding to noncommuting unitary generators. Our formalism provides a recipe for the simultaneous estimation of all three components of a magnetic field. We propose a probe state that surpasses the precision of estimating the three components individually and discuss measurements that come close to attaining the quantum limit. Our study also reveals that too much quantum entanglement may be detrimental to attaining the Heisenberg scaling in quantum metrology.
Introduction: As the elementary theory of nature, quantum mechanics sets the fundamental limit to precision of parameter estimation. On the flip side, quantum resources enable the estimation of parameters with a precision surpassing that set by classical physics. This is the basis of the field of quantum enhanced sensing and metrology, and has been studied in great depth both theoretically and experimentally [1] [2] [3] [4] . Although most of these investigations have largely focussed on the estimation of a single phase parameter, more recently attention has been cast on the quantum-enhanced estimation of multiple parameters simultaneously [5] [6] [7] [8] [9] [10] [11] [12] [13] , and some early experiments have already been performed [14] .
The motivations for studying quantum-enhanced multiparameter estimation are manifold: First, while single phase estimation captures a wide range of scenarios [15] , high-level applications such as microscopy, optical, electromagnetic, or gravitational field imaging, and spectroscopy intrinsically involve multiple parameters that should be estimated simultaneously. Secondly, while the quantum-enhanced limit for individual phase estimation can always be attained [16, 17] , the measurements required to attain the quantum-enhanced limit for multiple parameters need not necessarily commute. This makes multi-parameter quantum-enhanced sensing a very interesting scenario for studying the limits of quantum measurements [6, 7] . Finally, multi-parameter quantum-enhanced sensing provides a novel paradigm for investigating the information processing capabilities of multi-partite or multi-mode quantum correlated states and measurements.
In this work, we study the problem of estimating a multidimensional field using a fixed number of particles. We first show that for a uniform field, the quantum enhancement to the precision of estimation is provided entirely by the two-particle reduced density matrix of the system, and that the attainability of the quantum enhancement is solely determined by the one-body reductions of the probe state. We apply our methods to the simultaneous estimation of all the components of a magnetic field in three dimensions and show that this can be about three times better than estimating the components individually [18] [19] [20] [21] . Finally, we present a multi-partite quantum state achieving this advantage, and show how realistic measurements perform in attaining the multi-parameter quantum limit using matrix product state techniques [22] [23] [24] .
Framework: We consider the estimation of parameters governed by the Hamiltonian
The parameters ϕ k ∈ R, k = 1, . . . , d, to be estimated are the coefficients of a set of (not necessarily commuting) generatorsĤ k . We assume that theĤ k themselves do not depend on ϕ. In addition to estimating a field in multiple dimensions simultaneously in free space, materials or biological samples, this problem is equivalent to quantum-enhanced Hamiltonian tomography as it allows us to estimate unknown coefficients of the Hamiltonian in a suitable operator decomposition [25] . We note that earlier works have studied the estimation of parameters corresponding to unitary channels from information geometry [26] [27] [28] and representation theory [29, 30] perspectives, and have shown a Heisenberg scaling in their estimation. A pure N -particle probe state |ψ acquires the parameters via the unitary transformationÛ (ϕ) = e −iĤ(ϕ) and we seek the best quantum strategy for the estimation of the parameters from the evolved probe state |ψ ϕ =Û (ϕ)|ψ . The performance of an estimator of ϕ is quantified in terms of the covariance matrix Cov [ϕ] . The quantum Cramér-Rao bound [16, 17] is a lower bound to the covariance matrix in terms of the quantum Fisher information matrix (QFIM), thus yielding an ultimate limit on the best possible precision of any (unbiased) estimator. For every specific set of positive operator valued measurements (POVM) {Π i }, one finds [17] 
where the first inequality is the classical and the second inequality the quantum Cramér-Rao bound, respectively. Here, M is the number of times the overall experiment is repeated and
, denotes the Fisher information matrix (FIM) determined by the probabilities p(n|ϕ) = ψ ϕ |Π n |ψ ϕ . Further, I k,l (ϕ) = Re ψ ϕ |L kLl |ψ ϕ is the QFIM, where, for pure probe states, the symmetric logarithmic derivative (SLD) L k with respect to the parameter ϕ k is determined byL [17] . While the classical Cramér-Rao bound can always be saturated by, e.g., a maximum likelihood estimator [31] , the quantum limit (i.e., the second inequality in Eqn. (2)) may not be attainable in general. In a single parameter setting, the optimal measurements saturating the quantum Cramér-Rao bound are given by the projectors onto the eigenvectors of the SLD. In the multi-parameter setting, however, the SLDs may not commute in general, leading to tradeoffs for the precisions of the individual estimators [6, 7] . Formalism: For unitary time evolutions under Hamiltonians of the form of Eqn. (1) the QFIM can be expressed as the correlation matrix of the Hermitian operators defined by [32] (see Appendix A)
leading to (suppressing the parameter ϕ in the arguments henceforth)
We now restrict to the situation where the N particles evolve under the one-particle Hamiltonianĥ
k for n = 1, . . . , N (where theĥ [n] k are bounded), leading to the global Hamiltonian
With this, the operators defined in Eqn. (3) simplify tô
are Hermitian operators acting only on particle n. Incorporating this in Eqn. (4) simplifies the QFIM to
Re ψ|â
denotes the reduced density matrix to sub-systems n, m. The first sum has N terms, and the second has O(N 2 ) terms. The latter points to the origin of the quadratic scaling in N in quantum-enhanced metrology, and shows that quantum advantage in metrology can be no more than quadratic in the considered scenario of Eqn. (5) if the variance of the estimator is the quantifier of precision. For estimating a uniform field, the phase parameters are identical across the system (although corresponding to noncommuting generators) and we can restrict ourselves to permutationally invariant quantum states, i.e., states that are invariant under any exchange of its constituents. The oneand two-particle reduced density matrices are then given bŷ
[n] =ˆ [1] andˆ [n,m] =ˆ [2] for all n, m, respectively. Under the restriction of permutationally invariant states, the QFIM simplifies to
where
only depends on the one-particle reduced density matrix and
depends on the two-particle reduced density matrix. Eqn. (8) highlights several interesting physical aspects of quantum-enhanced metrology: First, note that I [1] can be bounded independently ofˆ [1] . This immediately shows that the archetypal quadratic scaling of quantum-enhanced sensing arises solely from the two-particle reduced terms. For instance, let the probe state be |ψ = |φ ⊗N , i.e., permutationally invariant and separable. Then,ˆ [2] =ˆ [1] ⊗ˆ [1] such that I [2] = 0 and the QFIM only scales linearly in N , i.e., I = N I [1] . Thus, Eqn. (8) implies that in permutationally invariant systems quantum correlations are necessary for achieving a quadratic scaling in the number of probe states N -the so-called Heisenberg scaling. Note that the latter reasoning also applies to quantum states that are not permutationally invariant, as can be seen by Eqn. (7) . Further, for probe states of the form |ψ = |φ ⊗N , the QFIM satisfies
where D is the dimension of the local Hilbert space (e.g., D = 2 for two-level systems, see Appendix B for details) such that if the number of parameters exceeds 2(D − 1), i.e., d > 2(D − 1), a simultaneous estimation of all parameters necessarily fails due to a lack of information for all parameters in the QFIM. Finally, if both the one-and two-particle reduced states are maximally mixed, the Heisenberg scaling is lost. To see this, note that
, which vanishes ifˆ [2] = 1 4 /4. This is an example where too much entanglement harms the quantum advantage of exploiting N particles in parallel.
Attaining the quantum limit: Saturating the quantum Cramér-Rao bound and attaining the QFIM is the next important part of quantum-enhanced sensing. This is particularly interesting for multi-parameter estimation since the SLDs corresponding to the different parameters need not commute. We show in Appendix C that for a purely unitary evolution, the QFIM is saturated if the expectation value of the commutator of the SLDs vanishes for all pairs [28] , i.e.,
For permutation invariant systems, this reduces to 8iN Im Tr ˆ [1] â kâl = 0 for all k, l. It is interesting to note that while the quantum-enhanced scaling is governed entirely by the two-particle reduced density matrices (see Eqn. (7)), the attainability of this bound is determined solely by the one-particle term (for a general proof, see Appendix C). The expectation value vanishes, for instance, for permutationally invariant pure probe states |ψ witĥ
. This is a sufficient but not necessary condition for the expectation of the commutator to vanish and gives a rather simple mathematical condition for the quantum Cramér-Rao bound to be saturated. It is an instance of the local suppression of the non-commutativity of the generators using quantum correlations [26] . More generally, when the expectation values of all commutators of the SLDs vanish and the QFIM is of full rank, the eigenvectors of the d distinct SLDs lie in a subspace of dimension d + 1 allowing for the construction of a POVM that saturates the quantum Cramér-Rao bound. We prove this assertion in Appendix C and, further, provide a procedure for constructing such a POVM that saturates the quantum Cramér-Rao bound. Note that for commuting generators ψ|Â kÂl |ψ ∈ R, such that the quantum Cramér-Rao bound can always be saturated given the QFIM is not rank deficient (see also [28] ). Estimating a magnetic field in three dimensions: We now apply our formalism to the task of estimating the components of a magnetic field in three dimensions simultaneously using two-level systems. Potential systems could include trapped ions, NV centres, or doped spins in semiconductors [34] [35] [36] [37] [38] . The Hamilton operator for this system is given by (with d = 3,
where the magnetic momentμ k = µσ k /2 is proportional to the spin, {σ k } denotes the unnormalised Pauli operators, and ϕ k = µB k /2. To develop the intuition for estimating the magnetic field in three dimensions simultaneously, we start with the estimation of a magnetic field pointing solely along one of the specific directions X, Y, or Z. It is well known that a GHZ-type state (see Appendix E)
achieves the quantum Cramér-Rao bound, where |φ ± k is the eigenvector of the Pauli operatorσ k corresponding to the eigenvalue ±1 (k = 1, 2, 3 corresponding to the X, Y, and Z direction). These states are permutationally invariant with one-and two-particle reduced density matricesˆ
, respectively. Now, for the simultaneous estimation of all three components, an obvious candidate is
where N is the normalisation constant and {δ k } adjustable local phases. Now, for even N and appropriate δ k the quantum Cramér-Rao bound is achievable with this state sincê
. It remains to show that it is also capable of achieving the Heisenberg scaling. To simplify our calculations, we henceforth restrict ourselves to systems that consist of N ≡ 8n, n ∈ N, particles (and δ k = 0 for all k) but note that this is no limitation of our model as indicated by the numerical simulations presented below. For N ≡ 8n, n ∈ N, the two-particle reduced density matrix of |ψ is an equal mixture of the GHZ-type states in all directions and given bŷ
For any other N, we show in Appendix F that the difference from the form ofˆ [2] in Eqn. (15) is exponentially small in N . For a probe state with marginalsˆ [2] given above, the QFIM is (see Appendix G and Ref. [27] which shows the same scaling)
for all k. Note that, in the limit of ϕ k → 0 for k = 1, 2, 3, the QFIM is diagonal, i.e., I k,l = 4 3 N (N + 2)δ k,l . As our quantum Cramér-Rao bound can be saturated, the minimal total variance for estimating the three components of the magnetic field simultaneously is given by
Since the QFIM in Eqn. (16) is the sum of a rank one matrix and a rescaled identity, its eigenvalues can be read off directly as λ 1 = 4N (N + 2)/3 and λ 2,
Let us now compare three different scenarios for the estimation of ϕ: (i) A classical strategy of using only pure product states, (ii) a quantum strategy where the parameters are estimated individually (as depicted in Fig. 1 (a) ), and (iii) the simultaneous estimation of the parameters, as shown in Fig. 1 (b) . To obtain a fair comparison amongst (i)-(iii), we use exactly N particles to estimate all three cases. As for all scenarios the QFI depends on the values of ϕ k , we restrict ourselves to a setting with ϕ k → 0, k = 1, . . . , 3. For scenario (i), the strategy is to divide the set of N particles into three blocks of length n = N/3 and, on the k th block, to prepare a product state that allows for the estimation of ϕ k . This is due to the impossibility of estimating 3 parameters simultaneously using a pure and permutationally invariant product state, as shown by the singularity of the QFIM (Appendix B shows that its rank is 2). The maximal QFI for each block (see Appendix E) is equal to
where λ max/min (â k ) denotes the maximal/minimal eigenvalue ofâ k such that
Secondly, for a quantum strategy exploiting entangled states where we estimate the parameters individually we, again, divide the chain of N particles into three blocks. Next, on the k th block, one prepares a GHZ-type state in theâ k basis. Recall that for each block
Thirdly, for the simultaneous estimation of the parameters we have (see Eqn. (18))
Hence, it is possible to design quantum probes (those with a completely mixed one-particle reduced marginal and twoparticle reduced marginal given by Eqn. (15)) for magnetic field estimation such that estimating the three components simultaneously is about three times better than estimating them individually. Overall, |∆ϕ
. This is illustrated in Fig. 1 (c) where the results are obtained numerically using matrix product state techniques [22] [23] [24] to also account for system sizes N = 8n. Note that the 3-fold improvement is not proven to be optimal, although we expect it to be so. This is a more general behaviour than the findings of [8] , where the generators were commuting while here they are not. Classical Fisher information: We have already shown (Appendix C) that there is a POVM that achieves the multiparameter quantum Cramér-Rao bound. The so-constructed POVM contains as one element the projector onto the timeevolved probe state, i.e.,Û (ϕ)|ψ . While this set theoretically achieves the bound, it may not be very appealing from an experimental perspective. Hence, let us finally discuss some realistic measurements. In particular, we consider two sets of POVMs:Π (1) k , k = 1, . . . , 4, contains the three projectorŝ From QFIM:
(b) simultaneous estimation: Again, we use matrix product state techniques to compute the classical Fisher information for these POVMs. This enables us to analyse the scaling up to very large system sizes, as shown in Fig. 1 (c) . Note that the precision for both these POVMs is best for N = 8n and the considered probe state. Conclusions: We have obtained the quantum limits for the simultaneous estimation of parameters corresponding to noncommuting unitary generators. We applied our methods to the simultaneous estimation of all three components of a magnetic field in space. The results suggest that estimating the phases simultaneously improves the sensitivity by a factor of d = 3, in consonance with earlier results with commuting generators [8] . Future extensions of our results could include, amongst others, a combination of commuting and noncommuting generators, and the inclusion of decoherence. Another direction could be the search for optimal probe states and more tractable measurements for specific physical sys-tems such as trapped ions or vacancy centres in diamond.
1, 2, 3, do not depend on ϕ k , nor on the number of sub-systems N . For even N , i.e., N = 2n, n ∈ N, one possible choice is δ1 = 0, δ2 = π/2, and δ3 = 0. Moreover, for N = 4n, n ∈ N, another possible realisation is given by δ1 = δ2 = δ3 = 0.
[40] For N = 2n, n ∈ N, and δ1 = 0, δ2 = π, and δ3 = π the states |Ψ k are orthogonal and henceΠ (1) k is a valid set of POVMs. Moreover, for N = 4n, n ∈ N, another possible choice is δ1 = δ2 = δ3 = π (used for the numerics). In the first section of the appendix, we set out to find an expression for the symmetric logarithmic derivatives (SLDs) together with the quantum Fisher information matrix (QFIM) for the setting discussed in the main text. For this, we restrict ourselves to unitary channels where the to-be-estimated parameters ϕ k ∈ R, k = 1, . . . , d, are the coefficients of a set of (not necessarily commuting) generatorsĤ k , i.e., we consider unitaries of the form
Further, note that theĤ k do not depend on the parameters ϕ. For a pure probe state |ψ and purely unitary evolution, the SLDs are given by [17] 
where |∂ ϕ k ψ ϕ = [∂ ϕ kÛ (ϕ)]|ψ denotes the partial derivative of |ψ ϕ with respect to the parameter ϕ k . Now, recall that [32] (see [18] for another application in quantum metrology)
i.e.,
with the skew-Hermitian operator
and where we definedÂ k (ϕ) = iÔ k (ϕ). With Eqns. (A2) and (A4) one findŝ
where [X,Ŷ ] denotes the commutator of the operatorsX and Y , respectively. Next, let us consider the QFIM. For unitary time evolutions it is given by [8, 17] 
With this, Eqn. (A4) allows us to write the QFIM in terms of the correlation matrix of the operators {Â k (ϕ)}. One finds
Note that we omitted the explicit dependency of the operators on the parameters ϕ. Although the process is unitary the QFIM may depend on the parameters ϕ, i.e.,
Appendix B: The QFIM for product probe states
In this section of the appendix, we prove an upper bound on the rank of the QFIM for separable probe states. Recall
for product probe states, i.e., states of the form |ψ = |φ
⊗N
where |φ ∈ C D . Note that for these statesˆ [1] = |φ φ| such that
Now, let 1 = D n=1 |ξ n ξ n | where |ξ 1 = |φ . With this
Re φ|â k |ξ n ξ n |â l |φ
Re φ|â k |ξ n ξ n |â l |φ .
Next, we define vectors x n ∈ C D , n = 2, . . . , D, with entries x k n = φ|â k |ξ n . With this, the QFIM I = 4N I [1] reduces to
which is a sum of 2(D − 1) rank one matrices. Hence,
is a sufficient condition for the Cramér-Rao bound to be saturated. First, note that each SLDL k (see Eqn. (A6)) is of rank 2 where the non-zero eigenvalues are given by
with the corresponding eigenvectors
Hence, the eigenspaces of {L k } are spanned by the d + 1 vectors
Secondly, we show that these vectors are linearly independent, i.e., the subspace resulting by combining the eigenspaces of the SLDs is of dimension d + 1. To prove this assertion, let G ∈ R (d+1)×(d+1) be the Gramian matrix of the vectors given in Eqn. (C8), i.e., G k,l = ξ k |ξ l . One finds
where, of course, the probe state |ψ is normalised. It remains to show that the Gramian matrix has full rank. For this, recall that for every Hermitian matrix M that can be partitioned as
where A and C are square matrices, it holds that [41]
where M > 0 denotes positive definiteness, i.e., x|M |x > 0 for all |x . Note that S = C − B † A −1 B is called the Schur complement of block A of M . Now, let A = 1, B k = ψ|Â k |ψ , and C k,l = ψ|Â kÂl |ψ . Obviously, A > 0. Further, the Schur complement is given by
i.e., S = I(ϕ)/4 given that the expectation values of all commutators of the SLDs vanish, i.e., Im[ ψ|Â kÂl |ψ ] = 0, see Eqns. (A7) and (C5). As we assume that the QFIM has full rank (with positive eigenvalues), we have S > 0. Thus, the Gramian matrix is positive definite and, hence, has full rank such that the set of vectors given in Eqn. (C8) is linearly independent. Hence, one can find an orthogonal basis of the subspace spanned by the eigenvectors of all SLDs by a GramSchmidt orthogonalisation procedure starting with the vector |ξ 0 =Û |ψ . The d + 1 projectors onto these orthogonal vectors, together with one element that accounts for the normalisation, form a set of POVMs of cardinality d + 2. As one element of this POVM is the projector onto the timeevolved probe state, the results of Ref. [8] prove that this set of POVMs saturates the quantum Cramér-Rao bound.
Let us restrict to two-level systems and come back to the setting where the task is to estimate the three components of a magnetic field pointing in an arbitrary direction, i.e., the evolution under the Hamiltonian
It is worth mentioning that d = 3 is the maximal number of to-be-estimated parameters given the Hamiltonian acts on each site independently. Assume that
for a d > 3. We can always decompose eachĥ k in the (normalised) Pauli basis
such that, in fact, {c l } are the independent parameters (and the parameters {ϕ k } are determined by the {c k }). Further, any contribution that is proportional to the identity can be neglected as this would result in an unobservable global phase. Hence, estimating these three phases can be interpreted as single-particle Hamiltonian tomography at the Heisenberg limit.
Appendix E: Single-parameter estimation and multi-parameter estimation with commuting generators
Let us first review the results for single-parameter estimation [4] in the framework discussed in the main text. For this, let the single particle Hamiltonian governing the time evolution be given byĥ = ϕĥ 1 +ĥ 2 where the Hermitian operatorŝ h 1 andĥ 2 do not necessarily commute. Note that this includes the estimation of one direction of a magnetic field pointing in an arbitrary direction where the remaining directions are kept constant, e.g.,ĥ = ϕ xσx +ĥ 2 with tr[σ xĥ2 ] = 0 and [σ x ,ĥ 2 ] = 0. As we allow to probe the magnetic field with N particles simultaneously, the unitary evolution is given bŷ
1 +ĥ 2 ) the N -particle Hamiltonian. Hence,Â = N n=1â
[n] wherê
such that
Now, for product probe states of the form |ψ = N n=1 |φ n , one finds
which reduces to
given that |φ n = |φ for all n = 1, . . . , N . The latter is maximised by states of the form |φ = (|φ max + |φ min )/ √ 2 where {|φ min , |φ max } are the eigenstates ofâ corresponding to the minimal λ min (â) and maximal λ max (â) eigenvalue. With this,
Allowing for entangled probe states |ψ , it is well known that the maximal quantum Fisher information is obtained by using GHZ-type states [4] , i.e.,
Note that {|φ max ⊗N , |φ min ⊗N } are the eigenstates ofÂ corresponding to its maximal and minimal eigenvalue, i.e., {N λ max (â), N λ min (â)}. With this,
Moreover, the Cramér-Rao bound can always be attained yielding the quantum advantage of a Heisenberg scaling in contrast to the shot noise limit with respect to the precision of the parameter ϕ. Note that forĥ 2 = 0 andĥ 1 =σ k , with either k = 1, 2, or 3, this reduces to the scenario of estimating the magnetic field when the direction (here X, Y, or Z) is known. Next, let us discuss a setting for multi-parameter estimation where the generators {Ĥ k } of the unitary time evolution commute, i.e., wherê 
Further, as [N k ,N l ] = 0, one findsÂ k (ϕ) =N k such that the quantum Fisher information matrix is given by
The probe state for this QFIM presented in [8] results from the same intuition as the probe state discussed in the main text for the magnetic field estimation: |ψ is a superposition of the states that yield a quantum advantage when estimating the parameters individually. While we cannot present a proof that this intuition is optimal, it seems a good first guess when considering simultaneous multi-parameter estimation. Finally, as the generators {N k } commute, one finds ψ|N kNl |ψ * = ψ|N kNl |ψ such that Im ψ|N kNl |ψ = 0 and the Cramér-Rao bound can be saturated. 
where |φ ± k is the eigenvector of the Pauli operatorσ k corresponding to the eigenvalue ±1 for all k = 1, 2, 3 and we defined |Φ k = |φ Hence, M → 1/ √ 6 for N → ∞. Next, let us analyse the two-body reduced density matrix. First, note that [2] 
(1 2 ⊗ 1 2 +σ k ⊗σ k )
for all k. Moreover, terms like tr \2 [|Φ k Φ l |] scale as 1/2 N/2 such that for N → ∞ they vanish. Hence, in the limit N → ∞, the two-body marginal of the probe state converges tô [2] = tr \2 [|φ φ|] → 1 3
Finally, let us note that for N = 8n, n ∈ N, this is exact, i.e., [2] ≡ 3 k=1ˆ
[2]
k /3. k,l (ϕ).
Hence, the QFIM is in the Pauli basis. To find analytic expression of these operators, recall that with n 2 = 1 one has e −iθ(
